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In this paper we establish that deciding t-colorability for a simple k-graph when t ~ 3, k_~ 3 
is NP-complete. Next, we establish that if there is a polynomial time algorithm for finding the chro- 
matic number of a Steiner Triple system then there exists a polynomial time "'approximation" 
algorithm for the chromatic number of simple 3-graphs. Finally, we show that the existence of such 
an approximation algorithm would imply that P=NP. 

1. Introduction 

A k-uniform hypergraph of order v is a v-set, V, along with a collection, B, 
of  k-subsets of  V. A simple k-graph then is a k-uniform hypergraph (V, B) such that 
for any two k-subsets (or edges), e, e'EB, leCle'[<=l. Simple k-graphs can also be 
described as k-uniform hypergraphs without 2-cycles. Alternately, a simple k-graph 
can be thought of  as a partial Steiner system or block design. 

A Stehwr system S(2, k, v) is a v-set P along with a collection, B, of  k-subsets 
of  P such that every pair of  elements of  P is contained in exactly one k-subset (or 
block) of  B. A partial S(2, k, v) is similar except that now every pair of elements is 
contained in at most  one block of B. Block designs and simple k-graphs have had little 
influence on one another in the past. In this paper, we consider a number  of questions 
involving the algorithms complexity of  coloring Steiner systems and simple k-graphs. 

A t-coloring of  a simple k-graph is a partition of the vertices V into t color 
classes so that no k-subset of  B is contained in any one color class. The chromatic 
number, z (S) ,  of  a simple k-graphs, S, is the smallest integer t such that there exists 
a t-coloring of  S but no t - l - co l o r i ng .  These definitions naturally apply to block 
designs as well. 

Coloring problems for hypergraphs are hard in general. Even deciding whether 
a hypergraph (P, B) is 2-colorable is NP-complete when edges eEB have cardinality 
le[>2 (Lovfisz [13]). Restricting the class of  hypergraphs to simple k-graph or even 
k-graphs without cycles of  length r, r~p ,  for given p > 2 ,  does not improve mat- 
ters: we will establish that deciding whether such a k-graph is t-colorable, for t ~ 3 ,  
is still NP-complete.  

AMS subject classification (1980): 68 E 99; 51 E 10, 05 B 05, 05 C 65 
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A topic of  great interest in block designs involves the finite embeddability of 
partial designs. In particular, it has been established, for each k, that a partial Steiner 
S(2, k, v) can be embedded in a Steiner system S(2, k, n) for n sufficiently large. 
(C. Treash [16], R. Quackenbush [15], B. Ganter [5J--see C. C. Lindner's smvey 
article [12]). A question related to finite embeddability, is whether deciding t-col- 
orability of Steiner systems S(2, k, v) (as a sub-class of simple k-graphs) is also NP- 
complete. 

In a previous paper [1], it was established that although 2-colorability of partial 
Steiner quadruple systems (i.e. 4-graphs) is NP-complete, 2-colorability for Steiner 
quadruple systems S(3, 4, n) is decidable in polynomial time. Of course even though 
every partial Steiner quadruple system can be finitely embedded (B. Ganter [6], cf. 
Lindner [12]), the size and complexity of the embedding is very significant. If  we 
consider only simple 3-graphs and Steiner triple systems S(2, 3, v), then the embedd- 
ing problem is tractable. Using the work of C. C. Lindner [11] and A. Cruse [2], 
we can derive a small efficiently computable embedding algorithm. Thus the question 
of t-colorability of Steiner triple systems become particularly interesting. In this paper 
we establish that determining the chromatic number of a Steiner triple system is 
NP-hard, deciding 14-colorability of a Steiner triple system is NP-complete, and 
determining t-colorability of a simple k-graph is NP-complete t>=2. 

In a previously published paper, the authors, in conjunction with C. J. Col- 
bourn and M. J. Colbourn [17], established that coloring partial triple systems is 
NP-complete and moreover coloring blocks designs is NP-complete as well. A block 
design (v, k, ,~) is a set of v points, P, and a collection, B, of  k-element subsets of P 
such that every pair of elements in P is contained in exactly 2 blocks (or subsets) of B. 
The result cited above was in fact established for block designs with k = 3  and 
2 > 1 (in fact 2 is O(v)). These results are weaker than those contained in this paper. 
However, the arguments [17] are correspondingly shorter as well. 

2. Simple k-graphs 

In order to establish that the problem of t-coloring simple k-graphs is NP- 
complete, we reduce a well-known NP-complete problem--the problem of t-color- 
ing graphs--to the t-coloring of simple k-graphs. First, we must establish the follow- 
ing lemmas. 

Lemma 2.1. For each t>=2, there exists a t-chromatic simple k-graph for which any 
proper t-coloring assigns the same color to a particular (fixed) k-subset. 

Proof. There exists ( t+l)-chromatic simple k-graphs for all t>=2 ([3], [4], [14]). 
Suppose P is a ( t+  1)-chromatic simple k-graph. An edge (k-subset) of P is critical if 
deleting it lowers the chromatic number of P. Let us assume that e is a critical edge 
of P and that P* is the simple k-graph P with e removed. Then P* is t-chromatic and 
moreover any t-coloring of P* must assign the same color to all k elements of the 
deleted edge- -  otherwise this would be a t-coloring of P as well, which is impossible. | 

Lemma 2.2. For each t >=2, there exists a t-chromatic simple k-graph P such that for 
some (fixed) pair of  vertices {x, x'} any t-coloring of  P assigns different colors to x 
arid x' .  
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Proof. Let P be a t-chromatic simple k-graph such that any t-coloring of P assigns 
the same color to the k-subset {x, Yl, Y2 . . . . .  Yk-l}. Such a simple k-graph will exist 
by our previous lemma. If  P=(V, B), choose some element x'q~ V and add the 
edge {x', Yl, Y2 . . . .  , Yk-1} to the collection B to form a new (simple) k-graph P ' .  
Clearly any t-coloring of P '  must color x and x '  differently. Note--we can assume 
that {{x, y~ . . . . .  yk-~}}kJB is simple from the proof  of Lemma 2.1. I 

Let Pt(QU {x, y}, B) be a t-chromatic simple k-graph with distinguished 
points x, y where any t-coloring of Pt colors x and y differently. Let G=(V, E) be 
any graph. For  each edge eEE, e=[u,  v], construct a copy of Pt on the set Q ×  {e}U 
U {u, v} so that u and v are identified with x and y respectively. Denote this simple 
k-graph by P~=[Q~,B ~] and define F(G)=[Q*,B*] where Q*= U Q~ and 

eC~ E 

B* = [J B ~ for G = (V, E). Clearly F(G) is a simple k-graph. In fact if P (the k-graph 
eEE 

from which Pt was constructed, Lemma 2.1) did not contain a cycle of length r, r_-<p, 
for given constant p, then F(G) will contain no cycles of length less than p. Moreover 
if z ( G ) ~ t  then z(F(G))=t and if z ( G ) > t  then z(F(G))>t. (Actually we can 
insure that if z(G) > t then z(F(G))  = t + 1 by careful choice of P,). Since the sizes of  
F(G) and G are polynomially related (i.e., if G has n vertices and m edges then F(G) 
has clm vertices and c.~m edges), we conclude that the existence of a polynomial time 
algorithm for deciding t-colorability of simple k-graphs implies that there exists a 
polynomial-time algorithm for deciding t-eolorability of graphs. In conclusion we have 
the following theorem: 

Theorem 2.4. Deciding whether a simple k-graph is t-colorable, is NP-complete ./or 
any t~3. I 

Corollary 2.5. For any p ~2, deeMing whether a k-graph without cycles o['length less 
than p is t-colorable is NP-complete. 

Proof, As was observed in the proof  of Lemma 2.2, the same construction applies 
to these k-graphs as well. I 

3. Embedding of Partial Triple Systems 

C. Treash [16] proved that every partial triple system can be embedded into a 
finite Steiner triple system. Subsequently, C. C. Lindner proved that any partial 
triple system of order n can be embedded into a Steiner triple system of order 677+3, 
We require a slightly 'twisted' version of  Lindner's construction (cf. Lindner [1 1], 
[12]). 

Let P=[V, B] be a partial triple system of  order n. Define a (partial) quasi- 
group operation, , ,  by x , y = z  if and only if {x, y, z} is a triple orb  and define 
x * x = x  for all xE V. (A quasigroup is a binary operation which is cancellative.) 
A. Cruse [2] proved that any (partial) idempotent commutative quasigroup of order 
n can be embedded into an idempotent commutative quasigroup of order 2n+ 1. 
Let (W, :-¢) be such a quasigroup and let W~={xilxEW}. Define a Steiner triple 
system S=[Q,B*] where Q = W 1 U t ~ U I ~  as follows: 

(a) for each triple {x, y, z} from the partial triple system P=[V, B] include 

6* 
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the following blocks in B*' 

{X,, Yl, ZI} {X1, Y2, Za} {Xt, Ya, 2a} 

{:,,,, y.,, y:,, =d 

{Xa, )'z, Z2} {Xa, Yl, Za} {'X'2, Yl, Z2}" 

(b) For each pair {x, y}C= W where {x, y} is not contained in any triple of B. 
include the following blocks in B*. 

{.q. y , ,  z.,}, {x,,, y.,, za}, {Xa, Ya, zl}, where x*  y = z. 

(c) For each xCW, {xl, x2, Xa} is included in B*. 

Theorem 3.1. [11] S=[Q, B*] is a Steiner triple system of  order 6n+3 containing 
the partial triple system P=[V, B]. II 

The next result follows almost immediately from the above construction. 

Lemma 3.2. Let P be a partial triple system of  order n and assume that P has been 
embedded in S, a Steiner triple s.vstem, by the above procedure. Then, 

7.(P) ~_ z (S)  ~ z(P)+2.  

Proof. Obviously x ( P ) ~ z ( S ) .  Assume z ( P ) = k  and C1, C,,,, ...,Ck is a k-coloring 
of P where CaUC2U...UCk=V~. Let Ck_.~l=Wl\V1. Ck+~=W2 and Ck+3=W3. 
Then, it should be clear from the construction that C1, C~, ..., Ck+z is a (k+3)- 
coloring of S. Moreover CkUCk+x=C" is also a proper independent set which 
means that C1, C2, ..., Ck-~, C', Ck.2, Ck+a is a (k+2)-colodng of S as well. II 

Corollary 3.3. x ( P ) ( [ z ( S ) - 2 ,  z(S)]. II 

Having established that one can embed a partial triple system in such a way 
that the chromatic number of the resulting Steiner triple system is at most slightly 
larger than that of the initial partial system, then the next point to consider is the 
efficiency of the embedding algorithm. In this regard there are two basic steps in the 
above construction; the first is Cruse's construction of an idempotent commutative 
quasigroup from the partial quasigroup (V, . )  and the second step is the actual 
construction of the triple system. Clearly the second step is quite simple and efficiently 
computable. 

The question becomes then, how efficient in Cruse's embedding of the partial 
idempotent commutative quasigroup. Since Cruse's proof was constructive, one can 
define an algorithm based upon it. From a brief study of the proof, the algorithm is 
obviously polynomial. If one is familiar with Cruse's proof, then it is clear that the 
construction is based on solving a weighted bipartite matching problem and hence the 
algorithm will be polynomial. If  one is not familiar with that proof, anything short of 
reproducing it here will be ineffective. Hence, we leave the verification of the following 
lemma to the interested reader. 
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Lemma 3.4. There is a polynomial time algorithm for embedding a partial S(2, 3, n) 
into a Steiner triple system S(2, 3, 6n+3). 1 

At this point it should be clear that if there was an efficient algorithm for 
finding the chromatic number of a Steiner triple system, then there would be an effi- 
cient approximation algorithm for the chromatic number of a simple 3-graph. 

4. NP-Completeness Results for Partial Triple Systems 

To start with, we shall present a polynomial time algorithm, which given a 
regular graph G of degree four constructs a partial triple system P~ such that, 

Z (PG) = 4Z (a). 

Since the problem of recognizing 3-colorable graphs is NP-complete, even when we 
restrict ourselves to regular graphs of degree four (cf. [8]), a polynomial-time algo- 
rithm for finding the chromatic number of a Steiner triple system would imply that 
P = N P  (see Lemma 3.4, Corollary 3.3). 

Our algorithm for constructing PG proceeds in three steps. The first step is to 
construct a digraph HG from a given four regular graph G such that z(H~)=4x(G) 
and furthermore the out-deglee of any vertex does not exceed 19. 

Let G* =(V, E) be a given acyclic digraph of maximal outdegree k - 1. Denote 
by G*®G* the following digraph: 

V(G* ® G*) = VU (iV] k X V) 

E(G* ®G*) = E U  E~UE2 
where 

El = {((b, y), x)[x, y~r ,  bEfr ]  ~ and x~b} 

E2 = {(b, y), (b, z)lbE[V] k and (y, z)EE}. 

Clearly, the maximal out-degree of G*®G* is 2 k - 1  and moreover 

Z (G* ® G*) : 2Z (a*). 

(This follows from the elementary fact that an acyclic digraph with maximal out- 
degree k - 1  can be k colored.) 

Now, let G be a given regular graph of degree 4. Let G* be any acyclic orien- 
tation and set 

~r G = (G* ® O*) ® (a* ® G*). 

It is not hard to see that ~(HG)--4x(G) and moreover the maximal out-degree of H~ 
is 19. 

Step II involves partitioning the arcs of a digraph H = ( W ,  F) with a maximal 
out-degree of  19. Set H°=H.  Suppose H i, 0-~i<19 has been constructed. For 
each vertex wEW, choose an arc (w', w) (if possible). Denote this set of arcs by 

19 

Ft+, and delete this from H i. Denote the new graph by H I+1. Clearly F =  U F~ 

is a partition and moreover the out-degree of  any vertex of (W, Fi) i = I ,  2 . . . . .  19 
is at most one. 
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In the third step we shall construct a partial triple system Pc  such that 

7. (Pc) = 7. (H~) = 47. (G). 

To do this we shall need the following lemma; its proof is postponed until later. 

Lemma 4.1. For all positive integers p, q there exist two disjoint sets A, B with IA] 
=IBI=N(p, q) and a partial triple system S on AUB such that 

(i) IbAAI=2, l b n a l = l  for every bES. 
(ii) There exists a partition S = Sa U S~.U... U Sq such that for every A' c A, 

B" c B ,  

IA'I-~ IAI IB'I > IBI 
p p 

and for every i, l<-i<q there exists bESi where b c A ' U B ' .  

Now set p=20 ,  q=19  and N(20, 19)=N. Let (AUB, S)  be the above 
triple system with these parameters. Let H e =  (IV, F). For  every (w', w)E F consider 
a 1--1 mapping cD~,w: A U B ~ { w ' , w } X { 1 , 2  . . . . .  N} such 

.. . .  ,[A] = {w} X {1, 2 . . . . .  N} 

~0 .... ,[B] = {w'}X{1, 2 . . . . .  U}. 

Let Pa=(X, z) be a partial triple system with 

X = WX (1, 2 . . . . .  N} 

19 

r = U {q~w,.w[b]: (w', w)EF 1 and bESt}. 
/ = I  

To show that (x, z) is a simple 3-graph or partial triple system it suffices to note that 
if two triples have a pair in common that pair must belong to a set {w}X {1, 2 . . . . .  N} 
the non-existence of such a pair follows from the fact that w is the initial point of at 
most one arc of  F s, 1--<./-<-19. 

Now we prove that z(PG)=z(HG). Let C1UC,,U...UC, be a coloring of  
HG. For  x=(w,  i)EX put xEC~. if and only if wEC s. Clearly C~UC~U... UC* 
is an r-coloiing of Pc and thus 

Z (Pc) ~ Z (He). 

Let r=x (P~)  andlet  C~UC'~U...UC*, bean  r-coloring of  P. (Note: r<=z(H6) 
~20).  For  every wEW choose a color C* such that IC*f-l({w}X{l,2 . . . .  ,N})I 
_->N/20.Define ¢(w)=i .  According to lemma 4.1 ~b(w)#q/(w') for (w', w)EF and 
thus t]J is a coloring of HG-~(W, F)--hence  x(Hc)<-r=z(P~). 
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5. Further lemmas 

In the remaining section, we prove Lemma 4. l - - i t  suffices to show the follow- 
ing modification. 

Lemma 5.1. For all positive integers p, q there exist disjoint sets A, B with IAi = [B] 
=N(p,  q) and a simple 4q-hypergraph S* on A U B  such that, 

(i) ]TNAI=ITNB]=2q .for every TC S*; 

(ii) forevery A" c A ,  B'  c B ,  A ">-IAI , IB't>= IBI there exists T c A ' U B ' ,  T~S*. 
P P 

It remains to prove Lemma 5.1. 
Our method will be similar to that of Erd6s, Lovfisz [3]. We shall construct 

our hypergraph (AUB, S*) inductively. Set 

c = f(10p) 4q log 4-]. 

N(p, q ) =  N where ( 8 - 4 / N  ~ 20qp and 

N >= 16eq2p2(4q) 4q hold. 

Moreover set, M = c N  and d=2Opqc. 
Assume that A, B are disjoint sets of cardinality N. Choose T1 such that 

[T1NAI=ITzNB[=2q. Suppose that T1, T~ . . . . .  Tr ( r < M )  have been constructed so 
that 

1) [TiNTjI~I for any l<--i,./<-r, i¢ j .  
2) No point of  A UB is contained in more than d of T1, T~ . . . .  ,7",. 
3) IT~NAI=]TiNBt=Zq for all l~i~_r. 
Let Dj=AjUBs ,  I<-j<=X,, be all (2N/p)-element subsets of  AUB such 

that IAjI=]Bjl=N/p, A j C A ,  BjC=B and T~_D i for a n y c h o i c e o f i a n d j ,  l~_i~_r, 
1 <-j<-X,. If  there is no such Dj then we are finished. (Our aim is to prove this for 
some ro<-M.) Suppose therefore X , ~ I .  For every Di. I<-j<=X~, we shall 
estimate the number of 4q-triples T such that 

(a) T c D j  
(b) IrnAl=lTnsl=.  
(c) ITNTII--<_I for every i, l<=i<=r 
(d) T doesn't  contain a point which is contained in d of T~, T2 . . . .  , T,. 
Let tj be the number of points of Dj with degree d (with respect to T1, T~., ... 

_ 4qM 
.... T,). Then, tsd<=4qr~-4qM and hence t j~  d Thus the number of points of 

Dj which are contained in less than d of  the 4q-tuples T~, T2, ..., I', is at least, 

2N 2N 4qM 1.8 N 
tj >= > 

p p d - P 

for every j ,  1 <--j<=X, (as d=2Oqpe and M=eN) .  Henceboth Aj and B~ contain at 

0.8 N 
P 
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distinct pairs of points of Dj that are contained in one of TI, T~ . . . . .  7",. Hence there 
are at most 

, , 
r~,z,'[4q] Max 2 q - I  ' 2q--2 2q 

4q-tuples in Dj satisfying (b) but failing to satisfy (c). Hence the total number of 4q- 
tuptes satisfying (a), (b), (c) and (d) is 

0.8 [N]~q_~ .8 --2q tN~4,j_.. 

~[,4pq,--8MqZ['~-pJ = l , p )  [I,4q1 {_~)21 

= t, T y  [ t~qJ  ~ >= T ~,4pqJ " 

(Here we used the facts N>=2Oqp and N>-16c~p2q"(4q)a~.) 
As the total number of possible 4q-tuples (i.e. such that IT(3AI= ITNBI=2q) 

, there is one, say T,+I, which satisfies (b)--(d) and is contained in at least is 2q 

~- 4--ff x,[~__/'~ xr 
> 2 [2ep) > (10p) 4q 

f ' )  ofthesubsetsDj .  Hence there are at most X,+I~X, 1 (10~)~ of the Dj, I~_j~_X, 

containing none of Ta . . . . .  T,+~. As Xo = Nip we get that, 

x~ <= x o 1 (10~)4 4 < 2ZNe Ml°g~-a/~°m4q) < e ul°~a-1/~a°p)~q -< 1, 

and hence after ro~M steps we get a hypergraph with the required properties. 

6. Conclusions 

The construction presented in the previous sections, guarantees that if there 
was a polynomial time algorithm for determining c such that x (P)E(c -4 ,  c] for 
any simple 3-graph P then one could complete x(G), for any 4 regular graph G in 
polynomial time. This implies that P = N P .  Since determining ;~(S) for a Steiner 
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triple system, S, would give such an algorithm, we conclude that deciding the chroma-  
tic number  o f  a Steiner triple system is NP-hard .  

Corollary 6.1. Deciding 14-colorability o f  a Steiner triple system is NP-complete.  

Proof.  Deciding 3-colorabflity for a 4-regular graph G is NP-complete .  Construct  
P~ f rom G. Since x ( P ~ ) = 4 z ( G ) ,  then if z(G)=>4, ;((P~)=>16. Embedding Po 
into a triple system S means that  x ( S ) ~ I 6 .  However  if 7.(G)<=3 then x(Pc)<-12 
and z(S)<=14. I 

Though  we did not  need it in this paper, the following is an easy and interest- 
ing corol lary:  

Corollary 6.2. Deciding 2-colorability o f  simple k-graphs is NP-complete.  

Proof.  Deciding 2-colorability for  k-graphs is NP-complete  (Lovfisz [13]). We 
t ransform the k-graph into a simple k-graph. Whenever  the pair  {x, y} occurs in 
more  than one subset replace each addit ional occurrence by a new pair  o f  elements 
{x', y '} and use a 2-chromatic  "an ima l"  f rom Lemma 2.1 to identify x and x '  (and 
y and y ' )  so that  any 2-coloring of  the animal must  assign the same colors to x and 
x" (and y and y'). We repeat this process until every pair appears at most  once. The 
t ransformat ion is polynomial  and any 2-coloring o f  the t ransformed hypergraph in- 
duces a 2-coloring o f  the original- and vice versa. II 

The above arguments  can be used to give an alternate p roof  o f  Theorem 2.4. 
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